Braiding with Borromean Rings in (3+1)-Dimensional Spacetime by Chan, AtMa P. O. et al.
ar
X
iv
:1
70
3.
01
92
6v
3 
 [c
on
d-
ma
t.s
tr-
el]
  1
7 S
ep
 20
18
Braiding with Borromean Rings in (3+1)-Dimensional Spacetime
AtMa P.O. Chan,1 Peng Ye,2, 1, ∗ and Shinsei Ryu3, †
1Department of Physics and Institute for Condensed Matter Theory,
University of Illinois at Urbana-Champaign, Illinois 61801, USA
2School of Physics, Sun Yat-Sen University, Guangzhou, 510275, China
3James Franck Institute and Kadanoff Center for Theoretical Physics, University of Chicago, Illinois 60637, USA
While winding a particle-like excitation around a loop-like excitation yields the celebrated Aharonov-Bohm
phase, we find a distinctive braiding phase in the absence of such mutual winding. In this work, we propose
an exotic particle-loop-loop braiding process, dubbed the Borromean-Rings braiding. In the process, a particle
moves around two unlinked loops, such that its trajectory and the two loops form the Borromean-Rings or
more general Brunnian links. As the particle trajectory does not wind with any of the loops, the resulting
braiding phase is fundamentally different from the Aharonov-Bohm phase. We derive an explicit expression
for the braiding phase in terms of the underlying Milnor’s triple linking number. We also propose Topological
Quantum Field Theories consisting of an AAB-type topological term which realize the braiding statistics.
Introduction—Braiding statistics is a quantum mechanical
phenomenon in which a quantum state acquires a holonomy
when winding an excitation adiabatically around other excita-
tions [1–3]. It arises from the ambiguous weightings for dis-
tinct homotopy classes of trajectories in the Feynman’s path
integral which sums over all continuous paths in the configu-
ration space [4, 5]. Not only is quantum statistics an important
subject in fundamental physics, it is also a crucial data in char-
acterizing topological order in long-range entangled phases of
matter [6–8]. Moreover, braiding statistics has been recently
shown to be a powerful diagnostic of Symmetry-Protected
Topological (SPT) phases [9–13]. By now, braiding statis-
tics in (2+1)D has been thoroughly studied through the braid
group and formulated in the theory of anyons [14–17]. Nev-
ertheless, our understanding of braiding statistics in (3+1)D
is still far from mature. The core reason is that the possi-
ble loop excitations complicate the configuration space in the
path integral. While the simplest particle-particle braiding is
always trivial due to the contractibility of particle trajecto-
ries around the other particle, the possible braiding statistics
is significantly enriched if the spatially extended loop excita-
tions are taken into account. The most well-known example is
the particle-loop braiding statistics in which a particle carried
along a non-contractible cycle around a loop experiences the
Aharonov-Bohm effect [18].
The peculiar braiding phase in the Aharonov-Bohm effect
has been understood to be associated with the winding be-
tween the particle trajectory and the loop [1–3] [Fig. 1(a)].
In this work, we argue that the statistical interaction between
particles and loops can appear in a more general context. We
consider the effect of braiding a particle with more than one
loop. Importantly, we find that there can be a non-trivial braid-
ing phase even without winding the particle around any loop
[Fig. 1(b)]. Particularly, in braiding a particle around two un-
linked loops, a braiding phase appears when the particle tra-
jectory and the loops form a Brunnian link, which is formed
by three mutually unlinked circles. For example, the sim-
plest Brunnian link is the Borromean-Rings link. While the
traditional particle-loop braiding statistics is dictated by the
Hopf linking number L, we show that the particle-loop-loop
(a) (b)
FIG. 1. (Color online) (a) Particle-loop braiding: a particle ei travels
around a loop mi such that the braiding trajectoryγei and mi form
a Hopf link. (b) Borromean-Rings braiding: a particle ek moves
around two unlinked loops mi, mj such thatmi, mj and the trajec-
toryγek form the Borromean rings (or generally the Brunnian link).
braiding statistics is instead governed by a higher order link-
ing number, called the Milnor’s triple linking number µ¯ [19].
Physically, braiding statistics involving particles and loops
can be realized in Abelian discrete gauge theories. For exam-
ple, non-trivial particle-loop braiding statistics can be realized
in ZN gauge theory, which describes the deconfined phase
of (3+1)D type-II superconductor with a charge-N conden-
sate [20, 21]. In such a gapped phase of matter, the excitation
spectrum is generated by a particle e and a loop m under fu-
sion, where Ne,Nm are both trivial. Carrying a particle e
in a closed path γe around a loop m leads to the quantized
phase 2pi
N
L(m, γe) [Fig. 1(a)]. Recently, more exotic multi-
loop braiding statistics and particle statistical transmutation
have been demonstrated in discrete gauge theories with larger
gauge group G=
∏
i ZNi [22–36], which is a system of ZNi
gauge theories with a collection of flavors i∈F . In these theo-
ries, the vacuum expectation of any physical braiding process
yields a complex phase factor.
In this work, we introduce the Borromean-Rings (BR)
braiding, namely, the particle-loop-loop braiding generating
the Brunnian links [Fig. 1(b)], in discrete gauge theories with
G=
∏
i ZNi . Contrary to the particle-loop braiding where the
particle trajectory is linked with the loop, the particle trajec-
tory is not linked to any of the two loops in the BR braiding.
By following a line of geometric arguments, we derive con-
straints [Fig. 2] and quantization condition of the BR braiding
phase if it exists. Then we obtain an explicit formula for the
braiding phase, which is expressed in terms of the Milnor’s
2triple linking number [Eq. (1)]. Also, we construct Topo-
logical Quantum Field Theories (TQFTs) with a BF action
dressed with anAAB topological term (A andB denote some
1-form and 2-form gauge fields respectively) [Eq. (2)] which
support non-trivial BR braiding statistics [Eq. (10)]. The re-
sulting BR braiding phase agrees with the result from geomet-
ric arguments. This work is concluded with several remarks
and future directions.
Preliminaries—As a warm-up, we discuss general aspects
of braiding a particle around loops in Abelian discrete gauge
theories. Here, we are primarily interested in the classes of
closed paths which could lead to non-trivial braiding statistics
[4, 5]. As the particle travels in the complement of loops, the
braiding statistics must be trivial if its closed trajectory can be
adiabatically shrunk to a point. Equivalently, if the trajectory
and the loops are viewed as a link, the braiding statistics is
trivial if the trajectory can be unlinked from the loops. Un-
der the deformation, the trajectory can cross with itself since
the intersection point corresponds to the particle position at
different time instances which can never interact. However,
it cannot cross with any of the loops since the Aharonov-
Bohm effect can contribute to braiding statistics. Besides, the
loops can also undergo adiabatic deformation. Note that while
Aharonov-Bohm interaction is possible among loops, there is
no Aharonov-Bohm self-interaction [37–40]. In other words,
each loop is allowed to cross with itself but not with other
loops. Under such link homotopy, each link component can
cross with itself but not with other link components [19]. Any
particle trajectory that cannot be shrunk to a point under link
homotopy can in principle lead to a non-trivial braiding phase.
In such formulation, each homotopy class of links is as-
signed with a braiding phase that depends only on the under-
lying linking numbers. Hence, while the particle-loop braid-
ing phase is determined by the Hopf linking number L, the
particle-loop-loop braiding phase is governed by the three
mutual Hopf linking numbers and the Milnor’s triple linking
number µ¯ [19]. In this work, we study the particle-loop-loop
braiding statistics which cannot be simply explained by the
Hopf linking numbers. Nevertheless, the higher order link-
ing number µ¯ is an invariant under link homotopy iff all the
three mutual Hopf linking numbers vanish. So when the tra-
jectory and the two loops are mutually unlinked, we expect a
well-defined braiding phase determined by µ¯.
Borromean-Rings Braiding—Here we introduce the BR
braiding in the context of Abelian discrete gauge theories.
Pick any i, j, k ∈ F , the BR braiding is a particle-loop-loop
braiding in which a ZNk particle ek is carried around mutu-
ally unlinked ZNi loop mi and ZNj loop mj such that the
closed path and the two loops form the Borromean-Rings, or
generally the Brunnian link [Fig. 1(b)]. Let Bi,k and Bj,k be
the quantum operators of braiding ek around mi and mj re-
spectively. Given the two loops, any braiding process can be
written as a sequential operation in Bi,k and Bj,k as well as
their inverses, in which mi and mj together with the braid-
ing trajectory γek can be viewed homotopically as a link L.
For the BR braiding, since the braiding trajectory is not linked
=
= = = 0
(a)
(b)
FIG. 2. (Color online) Constraints on the BR braiding phase Θ(L).
(a) Θ(L) changes sign if mi and mj are exchanged. (b) Θ(L) van-
ishes if any two of three components belong to the same gauge group.
with any of the two loops, the sum of exponents is zero for
both Bi,k and Bj,k. For example, the braiding process giv-
ing Borromean-Rings link is written as B−1j,kB
−1
i,kBj,kBi,k [41].
Since the exponent sum of each of them is zero, if any of the
two constituent braidings Bi,k and Bj,k gives only an Abelian
phase, the BR braiding statistics must be trivial. Hence, non-
trivial BR braiding statistics implies that mi,mj and ek sup-
port non-Abelian braiding statistics, despite the Abelianess of
the gauge group G. We denote the overall BR braiding phase
as Θ(L). Below, we are going to extract several constraints
on the BR braiding phase geometrically.
First of all, since the BR braiding generates the Brunnian
links, the geometric properties of the braiding phase are dic-
tated by the Milnor’s triple linking number µ¯. Let cij,k be
the braiding phase for the simplest BR braiding of particle
ek aroundmi and mj forming Borromean-Rings with µ¯=1.
Consider carrying the particle ek along its original pathγek by
w times. It generates a Brunnian link L with µ¯ = w. Gen-
erally, any Brunnian link with µ¯ = w can be generated this
way up to link homotopy. Since the BR braiding is oper-
ated repeatedly, the braiding phase accumulates over w times.
Therefore the BR braiding phase should take the linear form
Θ(L)= cij,kµ¯(mi,mj, γek), where the three entries for µ¯ are
respectively the first, second and third component of L. Phys-
ically, cij,k encodes the braiding data while µ¯ gives the geo-
metric properties of the BR braiding process.
Next, we demonstrate the anti-symmetry of the BR braiding
statistics. Consider braiding a particle ek around mi and mj
in a way generating the Borromean-Rings [Fig. 2(a)]. View-
ing the process from the opposite side, the particle ek trav-
els around loops mj and mi with the orientation of the three
components are flipped. Since reversing the orientation of any
component of L causes µ¯ to change its sign, flipping the ori-
entation of the three components gives a minus sign to the
braiding phase. Hence braiding around mi and mj is mi-
nus the braiding around mj and mi, so cji,k =−cij,k. Such
sign change can also be understood as coming from braid-
ing ek around mi and mj but with flipped labels mi and mj
in L, which changes the sign of µ¯. Generally, for arbitrary
Brunnian link L, if the labels mi and mj are interchanged,
Θ(L)→ cij,kµ¯(mj ,mi, γek) = −Θ(L). Thus interchanging
the labels ofmi andmj flips the sign of Θ(L).
3Next, we show that the BR braiding phase vanishes if any
two objects involved are from the same gauge group. Con-
sider the decomposition B−1j,kB
−1
i,kBj,kBi,k = e
icij,k for the
BR braiding generating the Borromean-Rings link [Fig. 2(b)].
If i = j, the product of operators reduces to identity and
hence cii,k = 0. If i = k, since Bi,k is guaranteed to give
an Aharonov-Bohm phase 2pi
Nk
under the ZNk gauge group,
the product of operators again reduces to identity and hence
ckj,k = 0. Similarly, we also have cik,k = 0. Consequently,
Θ(L) vanishes if any two of the indices in L are identical. In
other words, non-trivial BR braiding appears only for distinct
indices i, j, k. In particular, non-trivial BR braiding implies
non-Abelian particle-loop braidings Bi,k,Bj,k for distinct fla-
vors, rendering each of them to be gauge non-invariant.
We now derive the quantization rule of the BR braiding
phase. Consider the BR braiding forming the Borromean-
Rings with braiding phase cij,k. Imagine scaling up the phase
by Nk by carrying ek along γek repeatedly for Nk times. The
whole process is equivalent to carryingNkek once along γek .
Since Nkek is a trivial particle, and braiding is compatible
with fusion, we have Nkcij,k=0 mod 2π. Now imagine scal-
ing up the phase by Ni by windingmi along its locus for Ni
times instead. Again, since Nimi is trivial and braiding is
compatible with fusion, we have Nicij,k = 0 mod 2π. Simi-
larly,Njcij,k=0 mod 2π. Combining all the three conditions,
we have cij,k=
2pikij,k
Nijk
, where kij,k is an integer andNijk de-
notes the greatest common divisor of Ni, Nj andNk. Finally,
we get the formula for the BR braiding phase
Θ(L) =
2πkij,k
Nijk
µ¯(mi,mj , γek) , (1)
where all properties of the coefficient cij,k propagate to kij,k .
That is, kji,k = −kij,k and kij,k vanishes if any of the two
indices are the same. Since Θ(L) is defined up to 2π, the
parameter kij,k∈ZNijk . We conclude one of our main results:
if the BR braiding statistics exists in discrete gauge theories,
the braiding phase must take the form as Eq. (1). Below, we
construct explicitly field-theoretic models which support non-
trivial BR braiding statistics.
TQFTs with AAB Topological Term— It is believed that
low energy physics of long-range entangled phases of mat-
ter is captured by some TQFTs [42]. For example, the topo-
logical features of discrete gauge theories with G =
∏
i ZNi
are known to be described by the BF theories with action
SBF=
´ ∑
i
Ni
2piB
idAi, where the 1-form Ai and 2-form Bi
are compact U(1) gauge fields describing the loop and parti-
cle degrees of freedom respectively [43, 44]. TheZNi fusion
structure of particles and loops is encoded in the cyclicWilson
integrals of Ai and Bi. Moreover, the Aharonov-Bohm effect
is captured by the effective action SHopf=
∑
i
2pi
Ni
IHopf [Σ
i, J i],
where the 3-form J i and 2-form Σi are respectively the parti-
cle and the loop sources describing the braiding process, and
IHopf [Σ
i, J i]=
´
Σid−1J i counts the Hopf linking L(mi, γei).
On top of the BF theories, exotic braiding statistics can be
realized by introducing an extra topological term [22–36, 45–
49]. Below, we introduce the AAB term and show that the
resulting theories support the BR braiding statistics [Eq. (10)].
We begin by exhausting the possible AAB terms for physi-
cal theories. Consider adding anAiAjBk term with some real
coefficientcij,k upon the BF theories [Eq. (2)]. We are going
to show that cij,k here satisfies the same set of constraints as
that in the previous discussion. First, notice that not all pos-
sible terms are independent, more specifically, interchanging
Ai and Aj gives the same term but with a minus sign, hence
cji,k=−cij,k. Second, some choices of indices are improper.
We see i 6= j, otherwiseAiAjBk vanishes. For any flavor i,
since either Ai or Bi is reserved as the Lagrange multiplier
which enforces the ZNi fusion structure, A
i and Bi of the
same flavor cannot simultaneously appear on top of the BF
theories, so i, j 6=k. In other words, cij,k=0 if any two indices
are the same. So G requires at least three ZNi group compo-
nents for a legitimateAiAjBk term. Lastly, we show thatcij,k
is quantized due to large gauge invariance. To this end, we
pick some distinct i, j, k ∈F for theAiAjBk term and focus
on the three cyclic group components involved. Consider
S = SBF + SAAB , SAAB =
ˆ
ncij,k
(2π)3
AiAjBk , (2)
where n = NiNjNk. Let a, b = i, j, the action S is invariant
up to a surface term under the gauge transformation
Aa → Aa + dαa , Ba → Ba + dβa + X a ,
Bk → Bk + dβk , Ak → Ak + dαk + X k ,
(3)
where, to compensate the gauge change of the SAAB term, the
Lagrange multipliers Ba and Ak transform with extra twists
X a = −
∑
b
ncab,k
(2pi)2Na
(αbBk −Abβk + αbdβk) ,
X k = −
∑
ab
ncab,k
(2pi)2Nk
(αaAb + 12α
adαb) .
(4)
After integrating out the Lagrange multipliers, the action S
reduces to SAAB, where A
a and Bk are enforced to be closed
with cyclicWilson integrals
¸
Aa∈ 2pi
Na
ZNa and
¸
Bk∈ 2pi
Nk
ZNk
over any closed manifolds. Under large gauge transformation,
the gauge change of the action SAAB consists of terms which
take values in integral multiple ofNicij,k,Njcij,k andNkcij,k
(SM Part 2.1.3 [50]). The large gauge invariance of the result-
ing SAAB term, which implies thatNicij,k,Njcij,k andNkcij,k
vanish mod 2π, leads to the desired coefficient quantization
cij,k=
2pikij,k
Nijk
for integral kij,k .
Next, we discuss the constraints on the braiding. Consider
a generic braiding described by some closed world lines for
particles and closed world sheets for loops. The correspond-
ing conserved particle sourcesJ i, Jj and Jk, and loop sources
Σi,Σj and Σk can be incorporated into S via the source term
Ss = −
ˆ ∑
a
(
JaAa +ΣaBa
)
+ΣkBk + JkAk, (5)
where a= i, j. The sourcesΣaand Jkare respectively coupled
4to the modified Lagrange multipliers Ba and Ak defined as
Ba = Ba −
∑
b
ncab,k
2(2pi)2Na
(Abd−1Bk−d−1AbBk) ,
Ak = Ak −
∑
ab
ncab,k
2(2pi)2Nk
Aad−1Ab ,
(6)
which transform like ordinary gauge fields.Under gauge trans-
formation, Aa and Bk change by a pure gauge, so JaAa and
ΣkBk must be gauge invariant. However, Ba and Ak change
by a total derivative of non-local terms, which is not strictly
a pure gauge, so ΣaBa and JkAk may not be gauge invariant
for arbitrary braiding. Remarkably,Ss is gauge invariant iff
IHopf [Σ
a, Jk] = 0 , IHopf [Σ
a, Jˆb] = 0 (a 6= b) , (7)
for any Jˆb describing current on the world sheet of mb, for
a, b= i, j (SM Part 2.1.4 [50]). The first constraint means that
the particle-loop braiding of ek and ma alone is not gauge
invariant for a = i, j. The physical meaning of the second
constraint can be understood by considering different choices
of Jˆb. Take Jˆb as the current of any point on mb, it means
that no point on the loopmb can braid around the loopma for
a 6= b. Take Jˆb as a time slice of the world sheet ofmb, which
corresponds to the locus of mb at a fixed time, it means that
there is no linking between the loopsma andmb for a 6= b. In
particular, since crossing between two loops always changes
their linking number, loop crossing ofma andmb is not gauge
invariant for a 6= b. If the loops are static, then the constraints
in Eq. (7) simply mean that the loopsmi andmj and the par-
ticle trajectory γek must be mutually unlinked [Fig. 3].
= 0
,                                    ,
FIG. 3. (Color online) Illustration of the braiding constraints in
Eq. (7). If the loops mi and mj are static, then mi, mj and γek
are mutually unlinked circles for gauge invariant braiding process.
Now, we show that these theories support non-trivial BR
braiding statistics. With the source term Ss, the Lagrangemul-
tipliersBa andAk enforce thatΣa=Na2pi dA
a and Jk=Nk2pi dB
k ,
for a = i, j. Consequently, S+Ss leads to the effective action
Seff=SHopf+SBR , SBR=
2πkij,k
Nijk
IBR[Σ
i,Σj, Jk] . (8)
As in theBF theories,SHopfaccounts for the Aharonov-Bohm
effect for particle-loop braiding within the same flavor. Here,
the AAB term induces an extra effect described bySBRwith
IBR[Σ
i,Σj,Jk] =
´
d−1Σid−1Σjd−1Jk
− 12Σ
i(d−1Σjd−2Jk − d−1Jkd−2Σj)
− 12Σ
j(d−1Jkd−2Σi − d−1Σid−2Jk)
− 12J
k(d−1Σid−2Σj − d−1Σjd−2Σi) . (9)
Analogous to IHopf that counts the Hopf linking L(mi, γei),
the integral IBR also admits a geometric interpretation (SM
Part 2.2 [50]). Consider the gauge invariant particle-loop-loop
braiding, where ek travels around two static loops mi and mj
with mutually unlinked mi,mj and γek . IBR counts the Mil-
nor’s triple linking number µ¯(mi,mj ,γek). Hence,
SBR =
2πkij,k
Nijk
µ¯(mi,mj , γek) . (10)
In other words, the BR braiding process produces a BR braid-
ing phaseΘ(L) = SBR. The field-theoretic result here further
justifies the main result (1) obtained independently by geo-
metric arguments. By noting that the braiding phase SBR is
defined mod 2π, we see kij,k ∈ZNijk can be used to classify
discrete gauge theories with BR braiding statistics.
Conclusions—In this work, we introduced the BR braiding
statistics from both geometric arguments and field-theoretic
approach. Same quantum phenomenon is expected to ap-
pear also in discretized spacetime [51, 52]. The BR braid-
ing statistics reveals exotic phases with non-abelian topolog-
ical order under Abelian gauge group G. Due to the dual-
ity correspondence between topological order and SPT or-
der [9, 22], the proposed BR braiding statistics immediately
implies a new class of SPT order with global symmetry G
(SM Part 3 [50]). In principle, the BR braiding phase can be
observed by interferometry experiments similar to the mea-
surements of Aharonov-Bohm effect, though the experimen-
tal design could be challenging. Nevertheless, it is expected
to show up numerically as Berry phase in lattice Hamiltonian
with higher form gauge symmetry [51, 52]. Lastly, it will be
amusing to study entanglement properties of Eq. (2) [53] and
explore the fermionic analog of BR braiding statistics.
We are indebted to M. Levin, X. Chen, Y.-M. Lu, C. Wang,
M. Cheng, Y.-S. Wu, R. Thorngren, and E. Fradkin for their
thoughtful discussions. P.Y. thanks G. Chen for warm hos-
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tion grant DMR 1455296 (A.P.O.C., S.R.) and DMR 1408713
(P.Y.) at the University of Illinois, grant of the Gordon and
Betty Moore Foundation EPiQS Initiative through Grant No.
GBMF4305 (P.Y.), the startup grant in Sun Yat-sen University
(P.Y.), and the Thousand Youth Talents Plan of China (P.Y.).
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OUTLINE
This supplemental material (SM) is devoted to work
out the technical details for the main text of BR braid-
ing statistics. While the overall main text is written in
a self-contained manner, the SM here provides a deeper
discussion to every little step. The SM is organized in a
way parallel to the structure of the main text. Part 1 of
the SM concerns the geometric picture of particle-loops
braiding process. Part 2 of the SM elaborates the calcu-
lations in the TQFTs. In particular, we show the detailed
proof for the coefficient quantization in the TQFTs in Part
2.1.3; we prove the constraints on the braiding process un-
der gauge invariance in Part 2.1.4; we show the geometric
meaning of the effective action in Part 2.2. Note that in
order to better understand the geometric interpretation in
Part 2.2, readers are recommended to go through the re-
view for the geometric definitions of the linking numbers
in Part 1.2. Finally, we add in Part 3 for the discussion of
physical properties of the SPT phases implied by the BR
braiding statistics.
Part 1: Particle-loops braiding
In this part, we discuss the links which show up in the
particle-loops braiding. In section 1.1, we introduce the link
homotopy and link groups [19] from a physical point of view.
In section 1.2, we discuss the linking numbers associated with
the links. In particular, we review the geometric meaning of
Hopf linking number and Milnor’s triple linking number.
1.1 Link homotopy and link groups
In this section, we introduce the link groups in the context
of particle-loops braiding statistics in Abelian discrete gauge
theories. Given the loops ma for a = 1, 2,. . . ,M in space,
where each of them is of certain flavor. Suppose that a par-
ticle is initialized a base point xo, we are interested in the
possible braiding trajectories with the same braiding statistics.
Quantum mechanically, the trajectory can be continuously
deformed without altering the resulting observable statistics.
Under the deformation, it can even cross with itself since the
point of contact corresponds to the particle positions at differ-
ent time which do not interact with each other. However, it
cannot cross with the loops or otherwise the Aharonov-Bohm
effect can change the resulting braiding statistics. Therefore,
we are interested in the possible trajectories up to such contin-
uous deformation, called homotopy. Let m=∪amabe the re-
gion occupied by the loops, the particle can only braid through
the loops complement mc. Hence the collection of all possi-
ble trajectories is precisely the fundamental group π1(m
c, xo)
of mc. Given the base point, let ba be the closed path in wind-
ing the particle once aroundma. By the van Kampen theorem
[41, 54], the fundamental group is generated by these closed
paths, that is, the fundamental group can be written as
π1(m
c, xo) = 〈b1, b2, . . . , bM |R〉 , (1)
where R is a set of group relations with R = ∅ iff the loops
are unlinked [54]. Hence any trajectory can be written as a
word in letters ba’s. Note that carrying the particle along ba
is represented as a quantum operator Ba, so any braiding pro-
cess is a sequential operation in Ba’s as well as their inverses.
In such a construction, although the particle can come back to
the base point multiple times in the whole process, the trajec-
tory can always be deformed such that it does not get to the
base point during the intermediate period. Generally, one can
deform the trajectory such that there is no self intersection.
In such a picture, each trajectory f in the fundamental group
together with the loops can be viewed as a link,
L=(mi1 , . . . ,miM , f) . (2)
Suppose that the loops are allowed to deform physically. Re-
call that the particle-loop braiding within a flavor must yield
6an Abelian braiding phase. Assume that particle-loop braid-
ing statistics for distinct flavors is allowed to be non-Abelian.
Consequently, a loop of certain flavor can host unlocalized
particle of other flavors [37–40]. For two loops with distinct
flavors, one loop may carry unlocalized particle with flavor
of the other loop, and hence they can have mutual Aharonov-
Bohm interaction. On the contrary, two loops with the same
flavor can never interact through Aharonov-Bohm interaction.
With such physical picture, the loopsma’s do not self-interact
but they may have mutual-interaction. In such case, each loop
can cross itself but not other loops. Therefore, we have a de-
formation for the whole link such that each link component in
L can cross itself, but no two of them can cross each other.
Such link homotopy defines an equivalent relation ”∼” in the
fundamental group, that is,
f1 ∼ f2 if L1 is link homotopic toL2 . (3)
The collection of physically equivalent trajectories in the fun-
damental group forms the link group of the loops [19],
G(m) = π1(m
c, xo)/ ∼ . (4)
Hence, the link group describes the physically distinct braid-
ing trajectories in the particle-loops braiding. Generally, two
links produce the same braiding phase if they can be deformed
into one another by a link homotopy.
1.2 Linking numbers
In the main text, we are interested in the 2-component and
3-component links which correspond to the particle-loop and
particle-loop-loop braiding respectively. These links are clas-
sified by some linking numbers. More precisely, any link with
two components γi and γj is determined by the Hopf linking
number L(γi,γj); any link with three components γi, γj and
γk is determined by the three mutual Hopf linking numbers
and the Milnor’s triple linking number µ¯(γi, γj, γk). In the
following, we briefly review the geometric definition of Hopf
linking number and Milnor’s triple linking number.
1.2.1 Hopf linking number
Here, we review the Hopf linking number. Consider two
closed curves γi and γj . Let Si and Sj be the corresponding
Seifert surfaces. Associated with the intersection of γi with
Sj , we have a sign determined by the direction of the path and
the surface normal at the point. Let Iij be the sum of signed
intersections of γi and Sj , the Hopf linking number is
L(γi, γj) = Iij , (5)
which is symmetric about i and j. Note that traversing along
any link component N times scales L by N . Also, changing
the orientation of any link component flips the sign of L.
1.2.2 Milnor’s triple linking number
Here, we introduce the geometric meaning and some geo-
metric properties of the Milnor’s triple linking number. Con-
sider the three closed curves γi, γj and γk. The Milnor’s
triple linking number µ¯ can be written in terms of two geomet-
ric quantities tijk andmijk [55]. The first quantity is defined
through the simultaneous intersection points of the Seifert sur-
faces Si, Sj and Sk of the three closed curves. Associated with
each intersection point, there is a sign given by the orientation
of the normals at the point. The quantity tijk is the sum of the
signed intersections of Si, Sj and Sk. The second quantity is
defined through the observations in traveling along the three
closed curves. Imagine traveling once along γk from a start-
ing point. The path will sequentially intersect the surfaces Si
and Sj . Associate each intersection with a sign determined by
the direction of the path and the surface normal at the point.
In addition, for each occurrence of Si after Sj , we can define
a sign given by the product of the signed intersections at Si
and Sj . Let eijk be the sum of signed occurrences of S
i after
Sj along γk. Similarly, we have ejki and ekij . Note that upon
changing the starting point on the three closed curves or inter-
changing any two indices, eijk, ejki and ekij are changed by
some integral multiple of∆, where∆ is the greatest common
divisor (gcd) of the mutual Hopf linking numbers of the three
curves. The geometric quantitymijk is given by
mijk = eijk + ejki + ekij mod∆. (6)
Generally, the Milnor’s triple linking number µ¯ of the three
closed curves γi, γj and γk can be written as
µ¯(γi, γj, γk) = tijk −mijk mod∆ . (7)
In particular, if the three closed curves are mutually unlinked,
which is the case we focused in the main text, we have ∆=0
and µ¯ is uniquely defined and is an invariant under link ho-
motopy. The Milnor’s triple linking number satisfies some
interesting geometric properties [19]. First, traversing along
any link componentN times scales µ¯ by N . Second, flipping
the orientation of any link component changes the sign of µ¯.
Moreover, interchanging any two components of the link also
flips the sign of µ¯. These properties are useful in the deriva-
tion of the geometric properties of the BR braiding statistics
in the main text.
Part 2: Topological quantum field theories
In this part, we supplement technical details for the TQFTs
section of the main text. In section 2.1, we introduce the BF
theories with an AAB topological term. In section 2.2, we
discuss the geometric meaning of the response under sources.
72.1 BF theories with an AAB term
In this section, we discuss the properties of the BF theo-
ries with an AAB term. First, we write down the topological
actions. Second, we show their variations under gauge trans-
formation. Third, we derive the constraints of the AAB term.
Fourth, we derive the gauge invariant braiding process.
2.1.1 Topological actions
In the main text, we are primarily interested in the BF theo-
ries with an AAB term. For concreteness, we write down the
topological actions here. We pick some distinct i, j, k ∈ F
for the AiAjBk term and focus on the three involved compo-
nentsZNi×ZNj×ZNk of the gauge groupG. Unless otherwise
specified, there is no implicit sum for repeated indices. Let the
flavor index ı= i, j, k and denote n = NiNjNk. Then, the ac-
tion S is the sum of two parts SBF and SAAB, that is
S =
ˆ ∑
ı
Nı
2π
BıdAı +
ncij,k
(2π)3
AiAjBk , (8)
where the 1-form Aı and 2-form Bı are compact U(1) fields
with the Dirac quantization
¸
dAı ∈ 2πZ and
¸
dBı ∈ 2πZ.
Let a= i, j, the fieldsBa andAk serve as the Lagrange multi-
pliers which enforce the gauge fields Aa and Bk to be closed,
that is dAa = 0 and dBk = 0, with cyclic Wilson integrals¸
Aa∈ 2pi
Na
ZNa and
¸
Bk∈ 2pi
Nk
ZNk. In the presence of external
sources, the action acquires an extra term
Ss = −
ˆ ∑
a
(
JaAa+ΣaBa
)
+ΣkBk+JkAk, (9)
where the 3-form J ı and 2-form Σı with dJ ı=0 and dΣı=0
are respectively the conserved particle and loop sources. In
particular,Σa and Jk are respectively coupled to the modified
lagrange multipliers Ba and Ak which are given by
Ba = Ba−
∑
b
ncab,k
2(2π)2Na
(Abd−1Bk−d−1AbBk) , (10)
Ak = Ak−
∑
ab
ncab,k
2(2π)2Nk
Aad−1Ab , (11)
where the indices a, b take only on the particular values i, j.
Note that the 3-form J ı and 2-form Σı sources here represent
the dual of the usual 1-form particle current and 2-form loop
current. In such convention, the usual minimal coupling can
be simplified as wedge product of sources and gauge fields.
As a side remark, the differential formsAı andBı can be writ-
ten in component form as Aı=Aıµdx
µ and Bı= 12!B
ı
µνdx
µν ,
where the repeated spacetime greek indices are summed over.
In such notation, we have SBF=
´ ∑
ı
Nı
4pi
ǫµνρσBıµν∂ρA
ı
σd
4xand
SAAB=
´
1
2!
ncij,k
(2pi)3
ǫµνρσAiµA
j
νB
k
ρσd
4x, where ǫµνρσ is the Levi-
Civita symbol. Next, we are going to study the physical prop-
erties of such type of TQFTs.
2.1.2 Gauge transformation
Here, we show details of the gauge transformation of the
BF theories with an AAB topological term. We are going to
illustrate the variations of the actions S, SAAB and Ss in Eq.
(8) and (9) separately under the gauge transformation,
Aa → Aa + dαa, Ba → Ba + dβa + X a , (12)
Bk → Bk + dβk, Ak → Ak + dαk + X k , (13)
where the 0-form αı and 1-form βı are compact U(1) gauge
parameters with the windings
¸
dαı ∈ 2πZ and
¸
dβı ∈ 2πZ.
Note that the Lagrange multipliersBa and Ak transform with
extra twists X a and X k, which are given by
X a = −
∑
b
ncab,k
(2π)2Na
(αbBk −Abβk + αbdβk) , (14)
X k = −
∑
ab
ncab,k
(2π)2Nk
(αaAb +
1
2
αadαb) , (15)
where the indices a, b= i, j. The compatibility of the gauge
transformation with the Dirac quantization of Ba and Ak
gives
¸
dX ı ∈ 2πZ as a requirement. Equivalently, the gauge
transformation above can be rewritten as
Aa → Aa + dαa, Ba → Ba + dβa + Ya , (16)
Bk → Bk + dβk, Ak → Ak + dαk + Yk , (17)
where the modified Lagrange multipliers Ba and Ak trans-
form with extra twists Ya and Yk, which are defined by
Ya = −
∑
a
ncab,k
2(2π)2Na
d(αbd−1Bk − βkd−1Ab) , (18)
Yk = −
∑
ab
ncab,k
2(2π)2Nk
d(αad−1Ab) . (19)
Notice that, unlike X a and X k , the twists Ya and Yk are like
total derivatives, hence the modified lagrange multiplier fields
Ba and Ak transform like ordinary gauge fields. However,
since Ya and Yk involve derivatives of non-local terms, they
are not exactly total derivatives. Hence, Ba and Ak generally
do not transform with a pure gauge.
The details of the variations of the actions S, SAAB and Ss
under the gauge transformation are given as follows. As for
the total action S, it transforms as
S → S +∆S(1) +∆S(2) +∆S(3), (20)
where the changes are respectively the 1st, 2nd and 3rd order
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∆S(1) =
ˆ ∑
a
Na
2π
dβadAa +
Nk
2π
dαkdBk (21)
+
∑
ab
−
ncab,k
(2π)3
(
d(αaAbBk) +
1
2
d(AaAbβk)
)
,
∆S(2) =
ˆ ∑
ab
−
ncab,k
(2π)3
dαad(αbBk −Abβk)
+
∑
ab
−
ncab,k
(2π)3
d(αaAb)dβk ,
∆S(3) =
ˆ ∑
ab
−
ncab,k
(2π)3
dαadαbdβk ,
which are surface terms. Integrating out the Lagrange multi-
pliers Ba and Ak reduces S to SAAB. Now, under the gauge
transformation of the remaining fields Aa and Bk,
SAAB → SAAB +∆S
(1)
AAB +∆S
(2)
AAB +∆S
(3)
AAB , (22)
where the changes are respectively the 1st, 2nd and 3rd order
changes of SAAB in the gauge parameters, and
∆S
(1)
AAB =
ˆ ∑
ab
ncab,k
(2π)3
(dαaAbBk +
1
2
AaAbdβk) , (23)
∆S
(2)
AAB =
ˆ ∑
ab
ncab,k
(2π)3
(
1
2
dαadαbBk + dαaAbdβk) ,
∆S
(3)
AAB =
ˆ ∑
ab
ncab,k
(2π)3
1
2
dαadαbdβk .
Finally, consider the total action S coupled to the sources de-
scribed by Ss. Under the gauge transformation,
Ss → Ss +∆S
pure
s +∆S
twist
s , (24)
where the 1st term is the change due to the gauge parameters
and the 2nd term is the change due to the twists Ya and Yk ,
and the two contribution are respectively given by
∆Spures =
ˆ ∑
a
−(Jadαa +Σadβa)− (Σkdβk + Jkdαk) ,
∆Stwists =
ˆ ∑
ab
ncab,k
2(2π)2Na
Σad(αbd−1Bk − βkd−1Ab)
+
∑
ab
ncab,k
2(2π)2Nk
Jkd(αad−1Ab) . (25)
The gauge transformation shown here are useful in the field
theoretical derivation of properties of the BR braiding statis-
tics in discrete gauge theories.
2.1.3 Constraints on the SAAB topological term
Here, we discuss the constraints on the topological term
SAAB in Eq. (8). More precisely, we discuss the properties
of the coefficient cij,k. In the main text, we have seen
cij,k = −cji,k , (26)
due to antisymmetry of the AiAjBk term upon interchanging
Ai and Aj . In addition, we have also shown that
cij,k = 0 , if i, j, k are not distinct, (27)
for proper cyclic fusion structure of the discrete gauge theo-
ries. Here, we are going to show that cij,k is quantized as
cij,k =
2πkij,k
Nijk
, (28)
where kij,k is an integer and the number Nijk is the gcd of
Ni, Nj andNk. Note that all properties of the coefficient cij,k
naturally propagate to kij,k , that is, kji,k = −kij,k and kij,k
vanishes if any of the indices are identical.
We now derive the quantization of cij,k . To be precise, we
consider S without source. Let a = i, j. After integrating out
the Lagrange multipliers Ba and Ak, the action S reduces to
SAAB, where the fields A
a and Bk are set to be closed with¸
Aa ∈ 2pi
Na
ZNa and
¸
Bk ∈ 2pi
Nk
ZNk . Note that any legitimate
TQFT is well defined on arbitrary orientable closed manifold.
In particular, for the moment, consider putting the TQFT on
the spacetime manifoldM = S1 × S1 × S2. Under the large
gauge transformationAa → Aa+ dαa andBk → Bk + dβk,
the topological term SAAB is changed as in Eq. (22), where
the 1st, 2nd and 3rd order changes are respectively given by
∆S
(1)
AAB, ∆S
(2)
AAB and∆S
(3)
AAB in Eq. (23). Suppose that˛
S1
dαa = 2πpa and
˛
S2
dβk = 2πpk , (29)
˛
S1
Aa =
2πqa
Na
and
˛
S2
Bk =
2πqk
Nk
, (30)
where pa, pk, qa, qk are some integers. In particular, (dαi, Ai)
and (dαj , Aj)wind around the first and the second copy of S1
inM respectively, and (dβk, Bk)winds only around the S2 in
M. Then each integral in Eq. (23) can be calculated explicitly,
ˆ
M
dαaAbBk =
˛
S1
dαa˛
S1
Ab˛
S2
Bk =
(2π)3paqbqk
NbNk
, (31)
ˆ
M
AaAbdβk =
˛
S1
Aa˛
S1
Ab
˛
S2
dβk =
(2π)3qaqbpk
NaNb
,
ˆ
M
dαadαbBk =
˛
S1
dαa˛
S1
dαb˛
S2
Bk =
(2π)3papbqk
Nk
,
ˆ
M
dαaAbdβk =
˛
S1
dαa˛
S1
Ab˛
S2
dβk =
(2π)3paqbpk
Nb
,
ˆ
M
dαadαbdβk =
˛
S1
dαa˛
S1
dαb˛
S2
dβk = (2π)3papbpk ,
where the integral overM are evaluated along the 1st S1 and
the 2nd S1 and the last S2 independently, and a, b = i, j. Sub-
stituting the results above into Eq. (23), we get
∆S
(1)
AAB=Nicij,kp
iqjqk−Njcij,kq
ipjqk+Nkcij,kq
iqjpk ,
∆S
(2)
AAB=NiNjcij,kp
ipjqk−NjNkcij,kq
ipjpk+NiNkcij,kp
iqjpk,
∆S
(3)
AAB=NiNjNkcij,kp
ipjpk . (32)
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2π for arbitrary choice of integers pa, pk, qa, qk, each term
above must be quantized to integral multiple value of 2π.
Note that the products of the integers p’s and q’s are still inte-
gers. So the quantization of the terms in ∆S
(1)
AAB implies that
Nicij,k, Njcij,k andNkcij,k=0mod 2π. Therefore we have
the desired coefficient quantization condition cij,k =
2pikij,k
Nijk
in Eq. (28). Under such quantization, the 2nd and 3rd order
gauge changes∆S
(2)
AAB and∆S
(3)
AAB always take values in in-
tegral multiple of 2π, which is automatically compatible to the
large gauge invariance.
2.1.4 Gauge invariant braiding process
Here, we study the gauge invariant braiding process. Con-
sider a braiding described by the closed world line Γı for eı
and the closed world-sheet Sı formı for ı= i, j, k. They cor-
respond to the conserved sources J ı= δ(Γı) and Σı= δ(Sı),
which are delta-forms with supports on the given submani-
folds. We will show that the process is gauge invariant iff
IHopf [Σ
a, Jk] =
ˆ
Σad−1Jk = 0 , and (33)
IHopf [Σ
a, Jˆb] =
ˆ
Σad−1Jˆb = 0 (a 6= b) , (34)
where Jˆb=δ(Γˆb), for any closed curve Γˆb on Sb, a, b= i, j.
For the first constraint, it means that the particle-loop braiding
of ek withma alone is not gauge invariant for a = i, j. For the
second constraint, its meaning can be extracted by consider-
ing different construction of the Γˆb. Take Γˆb as the world line
of a point on the loop mb, it means that particle-loop braid-
ing of such point with ma is not gauge invariant. Since such
argument is true for any choice of point on mb, so loop-loop
braiding [39, 56, 57] ofma andmb alone is not gauge invari-
ant for a 6=b. Take Γˆb as a time slice of Sb, where its trajectory
corresponds to the locus ofmb, it means thatma andmb is al-
ways unlinked for a 6= b. In particular, the crossing of ma
and mb, which always changes the linking number, is not al-
lowed in gauge invariant braiding process. Suppose the loops
are kept static, the gauge invariant constraints above simply
mean that the particle trajectory and the loopsmi andmj are
mutually unlinked circles.
We now derive the gauge invariant braiding processes. For
any observable braiding statistics, the corresponding braid-
ing process described by Ss must be gauge invariant. Under
the gauge transformation, the source term Ss is changed by
∆Spures and ∆S
twist
s as in Eq. (24). In terms of the world line
Γı and world sheet Sı, the gauge changes can be written as
∆Spures =
∑
ı
(
−
ˆ
Γı
dαı −
ˆ
Sı
dβı
)
∆Stwists =
∑
ab
ncab,k
2(2π)2Na
ˆ
Sa
d(αbd−1Bk − βkd−1Ab)
+
∑
ab
ncab,k
2(2π)2Nk
ˆ
Γk
d(αad−1Ab) . (35)
Therefore, both of them have to be vanishing for the gauge
invariance. By the Stokes’ theorem, since the world line Γı
and world sheet Sı are closed, the pure part∆Spures is always
equal to zero. Similarly, by the Stokes’ theorem, the twist part
∆Stwists equals zero iff the integrands are total derivatives over
the domains of integration. Since the integrands of the twist
part consist of exterior derivatives of non-local terms, they are
generally not total derivatives. The integrands of the twist part
are total derivatives iff. the non-local terms are globally de-
fined over the domains of integration. It means that d−1Bk
and d−1Ab are globally defined on Sa for a 6= b, and d−1Ab is
globally defined on Γk. Equivalently,Bk and Ab are exact on
Sa for a 6=b, andAb is exact on Γk. By the de Rham theorem,
for any p-form ω defined on a n-dimensional manifold Ω, ω
is exact iff the integral of ω over any p-dimensional closed
submanifold is zero. Thereforeˆ
Sa
Bk = 0 ,
ˆ
Γˆa
Ab = 0 (a 6= b) ,
ˆ
Γk
Ab = 0 , (36)
for any closed curve Γˆa on Sa. With the source term Ss, the
Lagrange multiplier fields Ba and Ak enforce the equations
Σa= Na2pi dA
a and Jk= Nk2pi dB
k. In terms of these sources, the
third constraint above becomes redundant, and Eq. (33) and
(34) follow immediately from Eq. (36).
2.2 Geometric meaning of the effective action
In this section, we discuss the geometric interpretation of
the effective action. More precisely, we study the geomet-
ric meaning of the effective action by dimension reduction
technique. First, we write down the effective action under the
source term Ss. Such effective action is an integral over space-
time. Second, we introduce the dimension reduction method.
Third, we illustrate the reduction of the effective action. Un-
der the dimension reduction, the effective action reduces to an
integral over space only. Fourth, we show that the spatial in-
tegral yields the Hopf linking number and the Milnor’s triple
linking number.
2.2.1 Effective action
Here, we write down the effective action Seff of the TQFTs.
Under the external sources J ı and Σı for particles and loops,
the action acquires an addition source term Ss. With the extra
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source term Ss, the Lagrange multipliers B
a and Ak impose
instead the set of constraints Σa= Na2pi dA
a and Jk= Nk2pi dB
k ,
where a= i, j. After integrating out the Lagrange multipliers,
the action S+Ss is turned into the effective action
Seff =
∑
ı
2π
Nı
IHopf [Σ
ı, J ı] +
2πkijk
Nijk
IBR[Σ
i,Σj, Jk] , (37)
where the index ı = i, j, k. In the expression, IHopf , which
arises from SBF, is given by the spacetime integral
IHopf [Σ
ı, J ı] =
ˆ
M
Σıd−1J ı , (38)
whereas IBR, which arises from the AAB topological term
SAAB, is defined by the spacetime integral
IBR[Σ
i,Σj,Jk] =
ˆ
M
d−1Σid−1Σjd−1Jk
−
1
2
Σi(d−1Σjd−2Jk − d−1Jkd−2Σj)
−
1
2
Σj(d−1Jkd−2Σi − d−1Σid−2Jk)
−
1
2
Jk(d−1Σid−2Σj − d−1Σjd−2Σi) . (39)
The remaining parts of this section is devoted to studying the
geometric meaning of these two spacetime linking invariants
IHopf and IBR. We will see that while the first integral IHopf
counts the Hopf linking number betweenmı and γeı , the sec-
ond integral IBR counts the Milnor’s triple linking number
betweenmi,mj and γek .
2.2.2 Dimension reduction method
Here, we discuss the dimension reduction of the integral of
differential forms over the spacetimeM = M×T . Since the
coefficients of differential forms have to be taken care, we de-
note µ as the spacetime index and i, j as the spatial indices
without confusion here. Also, implicit sum is imposed on re-
peated indices. Let ω be a p-form and λ be a q-form onM,
where p+ q equals the dimension ofM. We are interested in
the dimension reduction of integral of the form I =
´
M
λω.
The integral I is said to be reducible if ω is static with tempo-
ral gauge, and λ is in cotemporal gauge [Eq. (41) and (42)].
We are going to show that if I is reducible, then the spacetime
integral I can be written as a spatial integral as
I =
ˆ
M
λω =
ˆ
M
λRωR , (40)
where the (p−1)-form ωR and the q-form λR are respectively
the reduction of ω and λ defined onM [Eq. (43) and (44)].
We first define the two types of differential forms ω and λ.
Let ωµ1...µp and λµ1...µq be the anti-symmetrized coefficients
of ω and λ respectively. The p-formω is static if its coefficient
is time independent, and it is in temporal gauge if its temporal
componentω0i1...ip−1vanishes. For static ω in temporal gauge,
ω = ωi1...ipdx
i1...ip , (41)
where ωi1...ip is time independent. The q-form λ is said to be
in cotemporal gauge if its spatial component λi1...ip vanishes,
λ = λ0j1...jq−1dx
0j1...jq−1 . (42)
By considering the exterior derivatives of the equations above,
we see that the defining properties of ω and λ are closed un-
der d. Since the inverse operation d−1 can in principle in-
troduce extra gauge degrees of freedom, the properties of the
two types of forms may not be preserved under such opera-
tion. Nevertheless, by comparing the coefficient in the identity
dd−1ω=ω, we see that d−1ω is guaranteed to be static.
We now define the reductions ωR and λR for ω and λ sepa-
rately. For the static p-form ω in temporal gauge, its reduction
ωR is the restriction of ω on the time slice t= t0∈T ,
ωR = ω|t=t0 = ωi1...ipdx
i1...ip , (43)
which is defined on M . Since the restriction on a time slice
set dx0 =0, such reduction is still well-defined if ω is not in
temporal gauge. For the q-form λ in cotemporal gauge, its
reduction λR is the integral of λ along the time direction,
λR =
ˆ
T
λ =
(ˆ
T
λj1...jq−1dx
0
)
dxj1...jq−1 , (44)
which is defined on M . Meanwhile, we show the commuta-
tion properties of reduction with exterior derivative, that is,
the reduction of ω commutes with d and d−1, and the reduc-
tion of λ commutes with d. Since ω is static and ωR is defined
on the time slice, (dω)R = ∂i1ωi2...ip+1dx
i1i2...ip+1 = d(ωR).
Since d−1ω is static and (d−1ω)R is defined on the time slice,
(d−1ω)R=d
−1d(d−1ω)R=d
−1(ωR). Besides, since dλ is in
temporal gauge and λR is defined on the time slice, we have
(dλ)R=∂j1(´ Tλj2...jq−1dx
0)dxj1j2...jq=d(λR). Note that d
−1λ
may not be in temporal gauge, its reduction is generally not
well defined, so reduction of λ may not commute with d−1.
We now derive the result for dimension reduction. Consider
the spacetime integral I=
´
M
λω. Note that in the integrand
of I, if ω is in temporal gauge, then λ can be taken to be in
cotemperal gauge. Conversely, if λ is in cotemperal gauge,
then ω can be taken to be in temporal gauge. The integral I is
said to be reducible if ω is static with temporal gauge and λ is
in cotemporal gauge. If the integral I is reducible, then
ˆ
M
λω =
ˆ
M×T
λ0j1...jq−1ωi1...ipdx
0j1...jq−1i1...ip (45)
=
ˆ
M
(ˆ
T
λj1...jq−1dx
0
)
ωi1...ipdx
j1...jq−1i1...ip =
ˆ
M
λRωR .
Hence the spacetime integral I can be written as a spatial in-
tegral if it is reducible. Such reduction is useful in under-
standing the spacetime linking invariants which show up in
the TQFTs of the main text.
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2.2.3 Reduction of IHopf and IBR
Here, we express the spacetime integrals IHopf and IBR as
spatial integrals by dimension reduction. We are going to
show that, if the loops are fixed to be static with vanishing
background particle density, then the spacetime integral IHopf
shown in Eq. (38) reduces to the following spatial integral
IHopf [Σ
ı, J ı] =
ˆ
M
ΣıRd
−1J ıR , (46)
where ı= i, j, k, in addition, the spacetime integral IBR shown
in Eq. (39) can be written as the following spatial integral
IBR[Σ
i,Σj,Jk] =
ˆ
M
d−1ΣiRd
−1ΣjRd
−1JkR
−
1
2
ΣiR(d
−1ΣjRd
−2JkR − d
−1JkRd
−2ΣjR)
−
1
2
ΣjR(d
−1JkRd
−2ΣiR − d
−1ΣiRd
−2JkR)
−
1
2
JkR(d
−1ΣiRd
−2ΣjR − d
−1ΣjRd
−2ΣiR) , (47)
where ΣıR=Σ
ı|t=t0 and J
ı
R=
´
T
J ı. Besides, given the sources
Σı=δ(Sı) and J ı=δ(Γı), then ΣıR=δ(mı) and J
ı
R = δ(γeı).
Physically, the reductions ΣıR and J
ı
R describe the loop mı
and the particle trajectory γeı respectively.
We now derive the reduction of integrals IHopf and IBR.
We first write the integrals in terms of some gauge potentials
and then perform the dimension reduction. Since the sources
Σı and J ı are conserved, we get Σı= 12pidA
ı
and J ı= 12pidB
ı
,
for some 1-formAı and 2-form Bı where ı= i, j, k. In term of
these gauge potentials, Eq. (38) and (39) become
IHopf=
1
(2π)2
ˆ
M
dAıBı , IBR=
1
(2π)3
ˆ
M
ΛijBk , (48)
where the 2-form Λij is obtained by integration by part and it
can be written in terms of the gauge potentials A
i
and A
j
as
Λij =
∑
ab
1
2
εab
(
2dAad−1Ab + d−1(dAaAb)
)
, (49)
where a, b = i, j. By noting that the parent action S + Ss
depends only on Σı and J ı, IHopf and IBR must be inde-
pendent on the gauge choices of A
ı
and B
ı
. For static loops
with zero background particle density, we can pick static A
ı
in temporal gauge and B
ı
in cotemporal gauge. Since dAı is
static with temporal gauge, IHopf is reducible. Besides, note
that dAad−1Ab is static. Since dAaAb is static with temporal
gauge, d−1(dAaAb) is also static. So Λij must be static. Since
B
ı
is in cotemporal gauge, the static Λij can be taken to be in
temporal gauge, so IHopf is also reducible. Therefore,
IHopf=
1
(2π)2
ˆ
M
dAıRB
ı
R , IBR=
1
(2π)3
ˆ
M
ΛijRB
k
R , (50)
where A
ı
R=
´
T
A
ı
, B
ı
R=
´
T
B
ı
and ΛijR=Λ
ij |t=t0 . By using the
commutation properties of reduction with exterior derivative,
ΛijR =
∑
ab
1
2
εab
(
2dAaRd
−1
A
b
R + d
−1(dAaRA
b
R)
)
. (51)
Note that Σı is static in temporal gauge and J ı is in cotem-
poral gauge, they admit well-defined dimension reduction
ΣıR=Σ
ı|t=t0 =
1
2pidA
ı
R and J
ı
R=
´
T
J ı= 12pidB
ı
R. Therefore
Eq. (46) and (47) follow immediately if we express IHopf and
IBR above in terms of Σ
ı
R and J
ı
R.
We now discuss the physical meaning ofΣıR and J
ı
R. Given
static Σı=δ(Sı) in temporal gauge and J ı=δ(Γı) in cotempo-
ral gauge. Let ω be a static 2-form in temporal gauge, and λ be
a 2-form in cotemporal gauge. Since the loops are static, we
have Sı=mı×T , by using the reduction of spacetime integral,
ˆ
M
λδ(Sı)|t=t0 =
ˆ
M
λδ(Sı)=
ˆ
Sı
λ=
ˆ
mı×T
λ=
ˆ
M
λδ(mı). (52)
So ΣıR=δ(S
ı)|t=t0=δ(mı) with support on the position of the
loopmı. Again, by the reduction of spacetime integral,
ˆ
M
ˆ
T
δ(Γı)ω=
ˆ
M
δ(Γı)ω=
ˆ
Γı
ω=
ˆ
γeı
ω=
ˆ
M
δ(γeı )ω , (53)
where the third equal sign follows from the fact that ω is static.
Therefore, we can write J ıR=
´
T
δ(Γeı)=δ(γeı ) with support
on the trajectory γeı of the particle eı.
2.2.4 Geometric meaning
Here, we show the geometric meaning of IHopf and IBR
under dimension reduction. Suppose the loops are kept fixed
with zero background particle density, and consider the braid-
ing process described by mı and γeı for ı = i, j, k. Recall
that the whole process gauge is invariant iff mi, mj and γek
are mutually unlinked circles. We are going to show that the
integrals Eq. (46) and (47) can be expressed as
IHopf = L(mı, γeı) , IBR = µ¯(mi,mj , γek) . (54)
Hence IHopf is understood as the Hopf linking number L,
while IBR can is interpreted as the Milnor’s triple linking
number µ¯ under dimension reduction.
We now discuss the geometric meaning of IHopf and IBR.
We first rewrite each of the two integrals in Eq. (46) and (47)
to a geometrically understandable form by expressing the in-
tegrand in term of delta-forms. For ı= i, j, k, we have
ΣıR = δ(mı) , J
ı
R = δ(γeı ) , (55)
which is defined onM . Let Smı and Seı be the Seifert surfaces
bound bymı and γeı respectively. We have
d−1ΣıR = δ(Smı) , d
−1J ıR = δ(Seı) , (56)
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which is also defined on M . Now, denote γi, γj, γk as the
three mutually unlinked closed curves mi, mj , γek respec-
tively binding Seifert surfaces Si, Sj , Sk. Let γıx be a seg-
ment of the closed curve γı from x0 to x, where x0 and x
are two points on γı for ı = i, j, k. Along the closed curve
γı, since γı
′
unlinked with γı for ı′ 6= ı, we have well-defined
d−2δ(γı
′
)=d−1δ(Sı
′
)=
´
γıx
δ(Sı
′
)=
´
M
δ(γıx ∩ S
ı′) which is
a piecewise continuous function in xwith unit jump occurring
at any of the intersections in γıx ∩ S
ı′ . For a= i, j, we have
d−2ΣaR=
ˆ
M
δ(γıx ∩ S
a) , d−2JkR=
ˆ
M
δ(γıx ∩ S
k) , (57)
which is defined on γı, where ı 6= a for the former and ı 6= k
for the later. Nowwe have all the ingredients for the geometric
interpretation. By using Eq. (55) and (56), Eq. (46) becomes
IHopf =
ˆ
M
δ(Smı∩γeı) . (58)
Since
´
M
δ(Smı∩γeı ) is the sum of signed intersections of Smı
and γeı , IHopf can be interpreted as the Hopf linking number
L between the loop mı and the particle trajectory γeı . Like-
wise, by using Eq. (55), (56) and (57), Eq. (47) becomes
IBR=
ˆ
M
δ(Si∩Sj∩Sk)
−
∑
ı1ı2ı3
1
2
εı1ı2ı3ˆ
M
δ(γı3∩Sı1)
ˆ
M
δ(γı3x∩S
ı2) ,
where ı1, ı2, ı3 = i, j, k. Notice that the term
´
M
δ(Si ∩
Sj ∩ Sk) is the sum of the signed intersections of Si, Sj and
Sk, that is, tijk . Also, observe that the integral
´
M
δ(γı3 ∩
Sı1)
´
M
δ(γı3x ∩ S
ı2) is the sum of signed occurrences of Sı1
after Sı2 along γı3 , that is, eı1ı2ı3 . Since eı1ı2ı3 is anti-
symmetric [55], the integral IBR can be geometrically inter-
preted as tijk−(eijk+ejki+ekij)which is precisely theMilnor’s
triple linking number [19] of the closed curves γi, γj , γk, or
equivalently,mi,mj , γek .
Part 3: Implied SPT phases
In this part, we discuss briefly the SPT phases implied by
the BR braiding statistics. Basically, the BR braiding statis-
tics implies a class of highly unexplored SPT phases protected
by mixed global symmetry G=
∏
i ZNi where some compo-
nents are the usual symmetries acting on particles, whereas the
others are symmetries acting on loops. We call these phases
mixed SPT phases. In section 3.1, we introduce the mixed
SPT phases. In section 3.2, we present effective field theories
for the mixed SPT phases. In section 3.3, we give a conden-
sation picture for these exotic SPT phases.
3.1 Mixed SPT Phases
SPT phases are short-range entangled phases of matter pro-
tected by a global symmetry [10–13]. Exhibiting trivial braid-
ing statistics in the bulk, they manifest non-trivial electromag-
netic response under external fields. There is a duality cor-
respondence between SPT phases and topologically ordered
phases [9, 22]. Promoting the external fields in an SPT phase
to dynamical gauge fields leads to a discrete gauge theory with
certain braiding data. Conversely, suppressing the gauge fluc-
tuations recovers the SPT phase. In particular, freezing the
cyclic gauge fieldsAi, Aj andBk in TQFTs with BR braiding
statistics leads to SPT phases withZNi×ZNj×ZNk global sym-
metry. In contrast to the traditional SPT phases in which the
global symmetry acts on either point-like or loop-like charges
[10, 13, 47], the 1-formsAi,Aj couple to point-likeZNi ,ZNi
charges respectively whereas the 2-form Bk couple to loop-
like ZNk charges. We call these as mixed SPT phases, in
which microscopic degrees of freedom consist of both par-
ticles and loops. These mixed SPT phases are characterized
by their electromagnetic response
SResp = SAAB =
ˆ
nkij,k
(2π)2Nijk
AiAjBk (59)
under the closed cyclic external fieldsAi, Aj andBk. It means
that the intersection of two domainwalls binding 2pi
Ni
flux inAi
and a 2pi
Nj
flux inAj traps
kij,kNk
Nijk
amount of line charges ofBk,
which is defined mod Nk. Therefore, the mixed SPT phases
are also classified by kij,k ∈ ZNijk , which characterizes the
BR braiding statistics in the dualized picture.
3.2 Effective field theoretical description
Here, we introduce the effective field theories [27] for the
mixed SPT phases with global symmetry ZNi×ZNj ×ZNk ,
where ZNa acts on particles for a= i, j and ZNk acts on loops.
The response action is SAAB in which A
a and Bk are closed
cyclic probe fields. Since SAAB is large gauge invariant, fol-
lowing the functional bosonization scheme [58, 59], we have
SSPT =
ˆ ∑
ı
1
2π
bıdaı +
ncij,k
(2π)3
aiajbk
−
∑
a
1
2π
Aadba −
1
2π
Bkdak , (60)
where ai, aj, akand bi, bj, bkare some dynamical compact U(1)
1-form and 2-form gauge fields respectively. In particular,
1
2pidb
a describes the point charge of Aa and 12pida
k describes
the line charge of Bk [47, 60]. The action SSPT, which man-
ifests gauge invariant in a way similar to the TQFTs in Eq.
(8), exhibits trivial braiding statistics in the bulk and correctly
reproduces the electromagnetic response action SAAB for the
mixed SPT phases. With the effective field theories, the du-
ality correspondence [9, 27–30, 58, 59, 61–70] can be made
precise. Starting with the hydrodynamic description SSPT of
the mixed SPT phases, we get the response SAABby integrat-
ing out the dynamical gauge fields. By promotingAa and Bk
to dynamical gauge fields, together with the incorporation of
13
SBF for the local flatness conditions and cyclic constraints of
Aa and Bk, we get the TQFTs in Eq. (8) with BR braiding
statistics.
3.3 Condensation picture
Here, we develop a condensation picture for the mixed SPT
phases. SPT phases can be understood as a result of decorated
domain wall proliferation in symmetry-breaking condensates
[27, 65, 71]. Here, by proliferating defects in a condensate
with two flavors of bosonic particles and one flavor of loops,
we get at SPT phases with global symmetry ZNi×ZNj ×ZNk ,
where ZNa acts on particles for a= i, j and ZNk acts on loops.
Consider a mixture of two species of boson condensates
and one species of loop condensate described by the U3(1)
non-linear σ-model with a multi-kink term,
Sσ=
ˆ ∑
a
ga
2
dθa⋆dθa+
gk
2
dΘk⋆dΘk+
ncij,k
(2π)3
dθidθjdΘk ,
where the 0-form θa and 1-formΘk describe the phase fluctu-
ation for the particle and the loop condensate respectively. In
the disordered regime where the domain walls condense, the
system exhibits the discrete global symmetryZNi×ZNj×ZNk
if cij,k =
2pikij,k
Nijk
. In such case, the phase fluctuations admit a
smooth and a singular part, dθa=dθas+a
a and dΘk=dΘks+b
k,
where the 1-forms aa and 2-form bk are compact. Under the
standard duality, θas and Θ
k
s are integrated out, and we get
SSPT =
ˆ ∑
ı
1
2π
bıdaı +
ncij,k
(2π)3
aiajbk , (61)
where ba and ak are respectively compact 2-forms and 1-form
gauge fields which appear under the duality procedure. Also,
1
2pidb
a is the point charge of the ZNa symmetry and
1
2pida
k is
the line charge of the ZNk symmetry. Adding back the cou-
pling term with the probes Aa and Bk, we get precisely the
theories describing the mixed SPT phases in Eq. (60). As a
side, it will be interesting to construct SPT phases when there
are many coexisting topological terms such as aada and aaaa
[27–36, 72], bb [43, 45–49], dada [73–78] on top of the aab
topological term.
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